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Very simple two-component models of the earth's cryosphere-lithosphere system are analyzed. The 
models consist of a continental ice sheet coupled to a responding earth model. Because of relatively long 
response times of the bedrock, at least over shorter wavelengths, long-period (of the order of 50,000 
years) internal or "free" oscillations in the system occur over a wide range of parameters and parame- 
terizations. The oscillatory mechanism operates primarily in the ablation zone and in particular at the 
firn line. These free oscillations could play a dynamic role in the response of the climate system to 
eccentricity forcing. A simple analysis presented strongly suggests that for the simplest rheological 
models of the earth response to Pleistocence ice sheets, elastic response is confined to a layer consider- 
ably less than the thermal thickness of the lithosphere. Furthermore, because of the striking lack of 
geological evidence for large depressions of bedrock at the leading edge of growing continental ice sheets; 
predicted by viscoelastic models of the earth, more sophisticated rheological models of the earth's 
uppermost layer appear necessary. 

1. INTRODUCTION 

Observational evidence from deep-sea sediments over the 
last few years has built an increasingly clear picture of the 
many alternating glaciations and interglacials of the Pleisto- 
cene. A major source of this information on the changing ice 
volumes has been oxygen 18 stable isotope analyses of plank- 
tonic and benthic formaminefera shells deposited in the deep- 
sea sediments. Although these isotope records reflect the com- 
bined effect of water temperature and water isotope values, it 
is generally accepted that the latter changes dominate the 
signal, allowing the record to be viewed as a first approxi- 
mation to continental ice volume changes (see, for example, 
Broecker and Van Donk [1970], Shackleton and Opdyke 
[1973], and Imbrie et al. [1984]). The ice volume record ap- 
pears to show several distinctive phases over the last two 
million years' the most well documented and distinctive phase 
appears in the late Pleistocene, that is, for the last several 
hundred thousand years. Here the ice volume changes appear 
to be considerably larger than earlier; they are remarkably 
regular, with glacials persisting for approximately 105 years, 
separated by relatively brief interglacials. 

Considerable progress has been made in understaodilag the 
causes of the Pleistocene Ice Ages. Hays et al. [1976] have 
shown that the spectral properties of the time series of changes 
of insolation received in high northern hemisphere latitudes 
caused by perturbations of the eccentricity, the obliquity, and 
the precession of the longitude of perihelion of the orbit of the 
earth compare well with those of the ice volume record for [he 
late Pleistocene. The most prominent peaks in the orbital 
spectra associated with the precession of longitude of peri- 
helion and with the obliquity correlate well with peaks ap- 
pearing in the ice volume record' reasonable phase lags of a 
few thousand years between the former and the latter also are 
found. 

The comparison of the ice volume record with the changes 
in eccentricity is not as simple. The spectral analysis of the 
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eccentricity changes themselves shows prominent signals near 
100,000 years and near 400,000 years. But because of the very 
small eccentricity changes, insolation changes at these periods 
are quite small. The spectral analysis of the isotope series, 
however, has the most prominent response near 100,000 years. 
Hays et al. [1976] pointed out that it is likely that this re- 
sponse is essentially nonlinear. 

Several models have been proposed with different nonlinear 
mechanisms to account for the response at 100,000 years. 
Most prominent are those of Saltzman (see, e.g., Saltzman et 
al. [1985]) and Ghil (see, e.g., Le Treut and Ghil [1983]). These 
models have in common, first, the explicit inclusion of at least 
two components of the climate system, one of which is the 
atmosphere, second, a formulation that is in terms of globally 
averaged dependent variables, the resulting model equations 
being coupled nonlinear ordinary differential equations. One 
important mechanism is the nonlinear generation of combi- 
nation tones from the precessional forcing at 19,000 years and 
23,000 years. This has also been discussed by Wigley [1976], 
Birchfield [1977], and Birchfield et al. [1981]. Focus has also 
been on possible existence in the multicomponent climate 
system of coupled feedback mechanisms capable of producing 
internal or self-sustained oscillations' such oscillations if of 

sufficiently long period, might produce a resonant response to 
the weak eccentricity forcing, or if of shorter period, generate 
a long-period response through combination tones. 

We approach the question of mechanisms responsible for 
the response at 100,000 years for the late Pleistocene by exam- 
ining the "slow physics" of the large continental ice sheets and 
the underlying earth as it responds to the varying ice load. 
Very simple numerical models have been studied with a focus 
on possible periodic responses. These models differ from the 
above in that the "fast" processes in the atmosphere are by- 
passed' they are, in addition, spatially dependent, with model 
equations being partial differential equations with many de- 
grees of freedom. It is found that this "two-component" system 
manifests self-sustained oscillations of periods of the order of 
50,000 years over a wide range of parameters and model vari- 
ations. The mechanism responsible for these oscillations is dis- 
cussed and possible roles of the slow physics in the 105-year 
climate record are considered. 
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Fig. 1. A schematic picture of a cross section of the model ice sheet. 

2. MODEL DESCRIPTION 

The physical basis for the ice sheet model we have used has 
been described by Birchfield et al. !-1981]. The two- 
dimensional model features are shown schematically in Figure 
1. The ice sheet is bounded on the north by a polar ocean' the 
continent extends indefinitely to the south with no topogra- 
phy. An ice shelf is assumed to exist poleward of the continent 
when an ice sheet is present. The boundary condition for the 
ice sheet at the junction with the ice shelf is simply to limit the 
free surface elevation to a prescribed maximum elevation (usu- 
ally taken as 400 m) or to set the slope of the ice sheet to zero, 
for elevations less than the limit. There is little direct justi- 
fication for this boundary condition other than its utility in 
avoiding modeling of the marine ice component and the fact 
that the observed elevation at the edge of present-day ice 
sheets is of the order of a few hundred meters. A more realistic 

treatment of the boundary may make significant alterations in 
the model response but must be deferred to subsequent experi- 
ments. 

The equation for ice mass conservation is 

c•h c•M •h' 

•- + • = ,4 at (1) 

itH(C•h• 3 M -- -- [,c•x// H -- h + h' (2) 
where h is the elevation of the ice surface above sea level, h' is 
the elevation of bedrock below sea level, t is time M is the 
horizontal flux of ice per unit width of the ice sheet, and it is a 
flow law constant. The it has been adjusted to crudely allow 
for basal sliding (see Birchfield et al. [1981] for a detailed 
derivation of this parameter). 

The snowline intersects sea level Xo(t) km from the polar 
ocean. The mean annual accumulation rate A(x, t) is based on 
a "temperature" field increasing linearly southward and with 
decreasing elevation z' 

T = 7[s(x - Xo)- z] 

where 7 is the lapse rate and s the slope of the "isotherms." 
The very greatly simplified accumulation rate is taken to be 

A = all + bT] T _< 0 

A = -a - •blT T > 0 (3) 
where a, b, b•, and • are constants. Values for the constants in 
the ice sheet component are shown in Table 1. The accumula- 

TABLE 1. Values of Constants Used in the Ice Sheet Component 
Model 

Satellite Typical Value 

,• 1.42286E - 12 m- 3 s- • 
7 0.008 k -• m -• 
s 1.0E- 3 

a 1.2ma -• 
b 0.0166 k- • 

b• 0.635 m a -• k -• 
• 0.4 

tion rate thus decreases with increasing elevation and with 
increasing latitude. This incorporation of the moving snow 
line x0, varying with time, and the spatially varying and time- 
varying accumulation rate A represents the parameterization 
of the entire response of the hydrological cycle and the atmo- 
sphere to the perturbations of solar radiation resulting from 
orbital fluctuations. 

Two models of bedrock response to the time-varying ice 
load have been used. The first is extremely simple and is iden- 
tical to that used by Birchfield et al. [1981]. This model as- 
sumes that (1) at each point under the ice sheet only the ice 
load at that point and its history affect the bedrock displace- 
ment at that point and (2) the bedrock has a single response 
time r independent of the size of the ice sheet. This model 
amounts to using only one single spatial harmonic function 
with a horizontal half wavelength corresponding to a mean ice 
sheet size, in a one-layer homogeneous incompressible viscious 
layer model of the earth, neglecting sphericity and gravity 
variations. 

The second bedrock model assumes again a flat earth, and 
constant gravity; it consists of an upper perfectly elastic litho- 
sphere of depth D, of constant density PL, and elastic rigidity 
it, overlying a viscous asthenosphere of unbounded depth, 
density p^, and viscosity r/. Here the equations are expanded 
in Fourier series in x and solved by means similar to those of 
Cathles [1975] for the downward displacement h'(x, t) of the 
earth's surface under the varying ice load. In this model the 
relaxation time for the ice sheet varies with wavelength and 
will be discussed in the next section. The details of the deri- 

vation of the model equations are given in Appendix A. 
Values taken for the constants in the earth model are tabu- 
lated in Table 2. 

The method of numerical solution of (1), (2), and the bed- 
rock displacement equations (A1) is critical to the results we 
have obtained. A good deal of attention in particular has been 
given to the solution of (1); this equation is nonlinear in h not 
only through the mass flux divergence term but also through 
the dependence of the accumulation rate on the elevation and 
shape of the ice sheet. The lack of consistent evidence from 

TABLE 2. Values Used for Constants in the Earth-Component 
Model 

Constant Typical Value 

D 40 km 

p•. 3000 kg m- 3 
# 10 TM Pa 
PA 3800 kg m l 3 
r/ 102• Pa s 
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Birchfield and Weertman [1984] of the response described here 
was due to inadequate understanding of some aspects of the 
numerical model. A brief summary of the numerical procedure 
is presented here with further discussion in Appendix B. 

For one time step: Starting from initial spatial values of ice 
sheet elevation h and bedrock depression h', the spectral coef- 
ficients H t are computed for the ice sheet thickness H. The 
spectral equations for bedrock displacement coefficients ht 
(equations A1) are extrapolated, to yield, after taking their 
inverse transform, the bedrock displacement for the next time 
step. After calculating the accumulation rate over the entire 
ice sheet grid using (3), (1) is integrated using a generalized 
Newton-Raphson finite-difference method to yield the surface 
elevation h of the ice sheet at the new time step. 

Critical elements in the numerical solution are (1) a suf- 
ficiently small spatial grid spacing (20 km) and the corre- 
sponding small time step (20 years), (2) an accurate determi- 
nation of the position of the firn line, used in calculating the 
accumulation rate, and (3) accurate numerical methods for 
calculating mass flux at the leading edge and polar boundary 
of the ice sheet. (These are needed even though the underlying 
physics in these regions is not accurate, for example, due to 
the neglect of normal stresses and ice shelf coupling.) 

3. LITHOSPHERIC THICKNESS FOR THE TwO-LAYER 

EARTH MODEL 

The composition and physics of the oceanic lithosphere are 
considerably better understood than those of the lithosphere 
underlying the continents. The "thermal" definition, based on 
the depth of the solidus temperature, implies increasing thick- 
ness away from the mid-ocean ridges, with thickness of "old" 
lithosphere near 100 km [Turcotte and Schubert, 1982]. The 
"elastic" definition of thickness, based on the temperature at 
which elastic stresses are relaxed by solid state creep, yields 
depths approximately one half those of the thermal depth; 
these depths estimated from rheological models are reasonably 
well supported, for example, by studies of focal depths of in- 
traplate earthquakes [Turcotte and Schubert, 1982; Chen and 
Molnar, 1983; Wiens and Stein, 1983]. 

The situation for the continental lithosphere is not so clear. 
For global purposes where little distinction is made between 
oceanic and continental lithosphere, values range from 70 to 
120 km (see, for example, Uyeda [1978]), with a typical value 
being 100 km. Whereas the composition of the oceanic litho- 
sphere is pretty much accepted, the composition of the lower 
lithosphere under the continents is not. Sibson [1982] and 
Chen and Molnar [1983] have made estimates of ductile 
strength of continental lithosphere for different rock compo- 
sitions. Their results suggest that the continental lithosphere 
may have somewhat lower strength than oceanic lithosphere; 
their conclusion and also that of Wiens and Stein [1983] is 
that the elastic depth may be somewhat less under the conti- 
nents than under the oceans. 

The (temperature) depth at which elastic stresses are relaxed 
depends, of course, on the length of time for Which the stresses 
have been applied. It is not clear as to what load times are 
implicit in the studies of the depths of earthquake foci, but 
most likely they are longer than characteristic load times for 
the Pleistocene ice sheets. We have estimated the stress relax- 

ation depth (temperature) using the approximate rheological 
analysis of Turcotte and Schubert [1982, chapter 7.10] for 
several rocks which may be representative of the continental 
lithosphere, for load times of 10 '• to 105 years and stresses of 
12 mPa, characteristic of large continental ice sheets (see, for 
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Estimated stress relaxation time, defined as time required Fig. 2. 
for stress to fall to half of its initial value, versus• depth and temper- 
ature in lithosphere. This is computed from the theological law for a 
Maxwell solid, assuming a stress dependent effective viscosity; a rear- 
ranged (7-248) [Turcotte and Schubert, 1982] is used. Rheological and 
thermodynamical data are given from Clark [1966] and for A from 
Sibson [1982], B and C from Chen and Molnar [1983], and D and E 
Turcotte and Schubert [1982]. 

example, Weertman [1978]). 'From the results shown in Figure 
2 we have chosen the thickness of the perfectly elastic upper 
layer in our two-layer model, D = 40 kin, for the majority of 
the numerical experiments; however, the overall range of 
depths investigated ranged from 5 to 120 km. 

4. NUMERICAL EXPERIMENTS WITH THE SIMPLE 

BEDROCK MODEL 

The objectives were to obtain a greatly simplified two- 
dimensional numerical model of large continental ice sheets, 
(1) which given the surface accumulation rate as a function of 
time, predicts changes in the volume on the time scale of the 
Pleistocene ice sheets, (2) which is suitable for incorporation 
into a paleoclimate model containing atmosphere, surface and 
deep ocean components, (3) which is adequate to investigate 
the role of feedback mechanisms between the earth bedrock 

and the changing ice load, (4) in particular, which could clarify 
the role of these two elements of the slow physics of the cli- 
mate system of the earth in PrOducing the 100,000-year oscil- 
lations. The models presented are, of course, suitable for incor- 
porating into more general climate models. 

The initial development of th6 numerical ice sheet model 
was done with the older version of bedrock physics. For many 
experiments in which the snow line was held fixed in time, 
once mass balance was reached, it did not remain in equilibri- 
um; the ice volume displayed oscillations in these instances 
with a period of 30,000-60,000 years; the range in volume 
changes was as large as 50% of the •aximum equilibrium 
volume. The model was clearly displayir•g self-sustalned oscil- 
lations. 

The mechanism responsible for the oscillation can be de- 
scribed qualitatively. When the ice volume first reaches equi- 
librium, the underlying bedrock has not completely adjusted 
to the ice load in the region extending from the firn line to the 
leading edge; that is, the bedrock is still sinking with conse- 
quent lowering of the upper surface of the ice sheet in this 
region. 

The lowering of the surface of the ice sheet in the ablation 
zone has two effects both acting with positive feedback' First, 
the ablation rate will increase with decreasing surface eleva- 
tion, from (3). Until changes in horizontal mass flux can be 
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effected, there is less of a drop and hence less change in the 
accumulation zone. 

Secondly, and more importantly, a drop in the ice sheet 
elevation at the firn line results in its northward displacement, 
that is, an increase in the dimensions of the ablation zone; for 
example, a drop of surface elevation of 20 m at the firn line 
displaces the line 20 km poleward; the accumulation zone 
area is reduced by an equal amount. Since at the initiation of 
a collapse cycle the ice sheet is in mass balance, both halves of 
the ice sheet are separately in balance; thus in the early stages 
of collapse, only the southern half of the ice sheet is involved, 
and the decrease in accumulation zone width is percent- 
agewise relatively large. Thus the initial decrease in ice volume 
can be quite rapid. 

The negative mass balance is eventually reversed by two 
effects. First, because of increased mean slope on the south 
side of the ice sheet resulting from increased ablation at the 
southern extremity of the ice sheet, there is an incureasing 
southward mass flux supplied from the north side of the ice 
sheet; this results in a poleward and downward shift of the ice 
dome. With this shift there is an increasing width of the accu- 
mulation zone on the south side of the ice sheet and an in- 

crease in the accumulation rate, the latter effect being partially 
compensated by the poleward gradient in accumulation rate. 

Second, with the retreat of the ice sheet leading edge north- 
ward toward the fixed sea level snow line position, the width 
of the ablation zone decreases, tending to reduce the total 
ablation. Also, the increase in ablation caused by the decrease 
in the mean elevation of the ablation zone tends to be com- 

pensated by the decrease due to the northward shift of the 
ablation zone. When these processes come into play, the ice 
sheet regrows toward its initial mass balance along a path 
similar to its original path. 

5. EXPERIMENTS WITH THE TwO-LAYER EARTH MODEL 

While very simple, the two-layer model goes beyond the 
single-layer model, representing at least in a rudimentary way 
the effects of elastic behavior of the surface layer of the earth. 
It lacks, of course, the more complex structure of the deeper 
mantle, which Peltlet [1982] and others have shown to be 
necessary to explain the gravity anomalies persisting in the 
locations of the former Laurentide and Fennoscandian ice 

sheets. 

From experiments with the two-layer model incorporated 
into the ice sheet model we encounter what we believe to be a 

serious limitation of all such models which have a simple 
elastic surface layer. Hu•lhes [1981] has forcefully presented 
essentially the same argument. During ice sheet growth a 
trough develops extending several hundred km ahead of the 
ice sheet and more than 200 m deep at the leading edge of the 
ice sheet. During ice sheet retreat, the trough persists, but with 
a slowly decaying bulge appearing farther out with an eleva- 
tion some tens of meters above sea level. A great deal of 
research has been concerned with the question of existence of 
the forebulge after the time of the last glacial maximum. Evi- 
dence at this time primarily from the eastern seaboard does 
support its existence; see, for example, Cathles [1975, chapter 
4] and Peltlet [1982]. 

While there also exists a great deal of evidence of large 
proglacial lakes during the retreat stages of the Wisconsinin, 
we have found no literature which presents geological evi- 
dence of the existence of such large depressions at the leading 
edge of the ice sheet during its growth or at the time of maxi- 
mum extent. Flint's map of glacial reconstruction [Flint et al., 

1959] does not show large proglacial lakes at the time of 
maximum extent. It is difficult to incorporate the presence of 
such a deep trough in a consistent way into Flint's [1971] 
discussion of the hydrology of the region south of the Laur- 
entide ice sheet maximum. Daly [1974] notes lack of evidence 
of both forebulge and depression ahead of the ice sheet. 
Hughes [1981], in noting the absence of geological evidence of 
large depressions, investigates the effect of elastic-plastic rheol- 
ogy as a possible alternative. 

It can be argued that at its maximum the last ice sheet was 
shallow over the region near its leading edge and hence no 
large depression would be present. To test this with the two- 
layer earth model, we artificially reduced the ice thickness 
several grid points behind the leading edge and found virtually 
no alteration in the bedrock depression ahead of the ice sheet; 
the depression is controlled by the large-scale properties of the 
ice sheet load and not the load at the leading edge. 

A• might he expe•tod, in tho twn_l•y•r mr•4•l •vr•rirn• 
the presence of a large depression ahead of the growing ice 
sheet tends to either eliminate the "equilibrium" oscillations 
occurring in the single-layer earth model or reduce signifi- 
cantly their amplitude. In order to achieve an earth response 
ahead of the ice sheet that is more consistent with the evi- 

dence, we have made a crude alteration in the two-layer model 
response ahead of the ice sheet. In this region we assume no 
depression until the ice sheet arrives; south of a retreating ice 
sheet, bedrock response is calculated using the simple adjust- 
ment model described in the previous section. Most of the 
experiments discussed in the following have been made with 
this alteration in bedrock response ahead of the ice sheet. 

6. ROBUSTNESS OF THE MODEL OSCILLATORY RESPONSE 

We have taken considerable pains to establish the "robust- 
ness" of the self-sustained oscillations observed in our two- 

component paleoclimate model. Unless specified otherwise, 
parameters used in experiments are those given in Tables 1 
and 2. Experiments have been made for a wide range of initial 
conditions; in Figure 3 the initial ice volume was chosen close 
to equilibrium, but with bedrock depression not near equilib- 
rium. The oscillations become regular after the first cycle with 
a period of approximately 52,000 years and a range of about 
25% of the maximum ice volume. If the same experiment is 
made with bedrock initially close to the steady state solution, 
the oscillatory response does not appear (Figure 3). 

Oscillations occur over a wide range of model lithosphere 
thicknesses. The thicker the lithosphere, the larger the ice 
sheet required for oscillatory response; for a thickness of 
D - 5 km, oscillations occur for an ice sheet width as small as 
L - 1700 km; for D - 80 km, they occur with L - 3800 km. 
Figure 4 shows a cross section of an ice sheet during the 
collapse part of the cycle; D has been chosen small to drama- 
tize the response. 

A sensitive control is the difference in density of ice and the 
asthenosphere which controls the maximum sinking of the 
bedrock. For an asthenosphere of density 3500 kg m -3 the 
volume oscillatory range is 3.3 x 10 9 m 2, the period 47,000 
years; if the density is taken as 4500 kg m-3, then the range is 
1.3 x 10 9 m 2, period 63,000 years. For standard parameters, if 
the density is 5000 kg m-3, oscillations do not appear. 

As seen in Figure 3, oscillatory response can occur when the 
snow line at sea level is well north of the continent. Figure 5 is 
a plot of equilibrium ice volume versus position of the sea 
level snow line with respect to the contitnent edge. For this 
particular example, oscillations disappear when x0 = 550 km. 
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Fig. 3. Self-sustained oscillations starting from a large ice sheet 
which is in near mass balance but in which the bedrock is not in 

equilibrium with the ice load. The steady state response curve is for 
mass balance with bedrock equilibrium initial conditions. 

Stable nonzero ice sheet nonoscillating solutions disappear 
when the snow line is more than 775 km north of the edge of 
the continent. 

Figure 6 shows a typical profile of the relaxation time for 
the external mode of the earth model versus wavelength of the 
ice loading. (An ice sheet of, say, 2000 km extent has the 
largest contribution to the load at a wavelength of 4000 km.) 
This response is very close to that of the external mode in 
Peltier's [1982] model. The distinctive feature is that relax- 
ation times decrease for both small- and long-wavelength 
loads, the former due to the presence of the elastic lithosphere, 
the latter to the deep viscous asthenosphere. 

For a large ice sheet the relaxation time for the major load 
contribution is rapid, i.e., in wavelengths well to the right of 
the peak. Bedrock response to the expansion of the southern 
region of the ice sheet will involve significant changes in the 
amplitudes of much shorter wavelengths closer to the wave- 
length of maximum relaxation time, and hence a slower re- 
sponse to the ice load under the ablation zone of the ice sheet 
should result. The wavelength of maximum relaxation time 
and its value changes for different model parameters, but the 
response does not appear to be sensitively related to these 
properties of the relaxation spectrum. 
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Fig. 5. Equilibrium response of the model versus sea level posi- 
tion of the snowline. For Xo > circa 550 km, the ice volume oscillates 
between the upper solid curve and the lower dashed curve; for 
-775 < x o < -550 km a steady state solution exists as shown by the 
continuation of the solid line. In addition, a steady state solution of 
zero ice volume exists for all negative x o. 

Various values of the constants in the accumulation rate 

have been tested. Different formulations of the accumulation 

rate calculation have also been tested with no significant alter- 
ation of the response. 

7. GENERAL DISCUSSION 

It is indeed an important question in the validation of the 
astronomical theory to understand the source or sources in 
the climate system which produce the prominent response 
near 100,000 years. Although there may be an important tem- 
perature contribution to the stable isotope record in the late 
Pleistocene, it is certainly smaller than that from ice volume 
changes; it is unlikely that all of the power at 100,000 years 
comes from the temperature signal. lmbrie et al. [1984] have 
shown significant correlations in the spectral domain between 
eccentricity variations near 100,000 years and the signal in the 
isotope record and that the phase relation at that period is 
consistent with a resonance phenomenon. Although their 
spectral analysis was done on time series of the geological 
record which themselves had been tuned to insolation 
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Fig. 4. Collapse of a large ice sheet initially in near mass balance, 
resulting from sinking of the upper surface due to bedrock sinking 
subsequent to the time mass balance was reached. 
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Fig. 6. Relaxation time of the modes for the two-layer earth 
model versus horizontal wavelength. The amplitude of the response 
for the internal mode, i.e., the monotonic curve, is very much smaller 
than that for the external mode, i.e., the bell-shaped curve. 
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changes, the tuning process involved only those periods as- 
sociated with changes in the earth's obliquity and precessional 
parameters, i.e., at 41 and 22 ka. This evidence then strongly 
suggests that the response at 100,000 years is indeed related to 
the astronomical forcing. 

Kallen et al. [1979], Ghil and LeTreut [1981], LeTreut and 
Ghil [1983] and Saltzman et al. [1981, 1982] have identified 
nonlinear mechanisms in two- and three-component climate 
models which can produce self-oscillations of relatively short 
periods, circa 3000 years for the latter group and 10,000 years 
for the former. They demonstrate, however, that the presence 
of these "free" oscillations can, with external forcing, via com- 
bination tones, produce large response near 100,000 years. The 
period of the free oscillations is relatively small because their 
components involve the relatively fast responding elements of 
the climate system, e.g., the atmosphere, surface ocean, sea ice, 
and the deep ocean. More recently, Saltzman and Sutera 
[1984] and Saltzman et al. [1984] present three-component 
models incorporating a crude representation of the retar- 
dation effect of marine ice shelves as a slow process which 
show free oscillations near 100,000 years. 

With a model incorporating only slow physics elements, 
Oerlemans [1982] identifies a basal melting feedback with ice 
sheet physics to produce internal oscillations near 100,000 
years. Pollard [1984] couples slow physics processes: a feed- 
back mechanism between formation of proglacial lakes, ice 
sheet physics, and bed rock sinking to a simple atmospheric 
model; under control of the slow processes, 10S-year cycles are 
prominently displayed. Pollard [1983] has also followed a 
somewhat similar procedure in a marine context producing 
interaction between ice sheet, bedrock, and sea level which 
also results in long-period oscillations. 

Ocrlemans [1982] and Birchfield et al. [1981] have investi- 
gated two-component models comprising feedback between 
bedrock sinking and ice sheet physics only; their repre- 
sentation of bedrock sinking physics is essentially the same as 
that of the simple earth model presented here. In the former, 
with simple periodic forcing experiments, large 100,000-year 
oscillations are achieved only by taking unrealistically long 
relaxation times for bedrock sinking. In the latter, using a 
relaxation time of 3,000 years and using Berger's [1978] coef- 
ficients for insolation perturbations, a fairly good repro- 
duction of the ice volume record was achieved; the power at 
100,000 years produced nonlinearly, i.e., through combination 
tones, by the precessional forcing at 19,000 and 23,000 years 
was considerably smaller than the spectra of the isotope 
records would suggest, however. 

Peltier and Hyde [-1984] have simplified Peltier's [1982] 
multilayered viscoelastic earth model by taking only the exter- 
nal mode of response and integrating this with an ice sheet 
model similar to that of Birchfield et al. [1981]. His earth 
model includes the sphericity of the earth, but his ice sheet is 
two dimensional. When this model is forced at 20,000 years, a 
strong response appears at 20,000, 40,000, 60,000, 80,000, and 
100,000 years, with the largest amplitude at 100,000 years. We 
have seen no evidence of such a phenomenon in our model 
with preliminary testing. Although there are differences be- 
tween our model and theirs, it is primarily in the method of 
numerical solution. This is being pursued further. 

The mechanism for the self-sustained oscillations discussed 

herein should be present in most of the models discussed 
above but not in Birchfield et al.'s [1981] because of the fast 
response time of the bedrock. This possibility was first pointed 
out by Peltier [1982]. The fact that they are so apparent in the 

present model, we believe, is due to the improved method of 
numerical integration. Although their presence does not re- 
quire a very sophisticated earth model, it does require rela- 
tively long relaxation times over some part of the spatial spec- 
trum' even with the long relaxation times of the bedrock con- 
fined to short wavelengths, the sinking of the surface of the ice 
sheet near the firn line can be sufficient to cause the ice sheet 

to collapse relatively far out of mass balance, which, when 
coupled with restorative processes, produces an oscillatory re- 
sponse. 

The period of the internal oscillations in no experiment yet 
run has approached 105 years in length. The most common 
period is slightly greater than 50,000 years. The presence of 
robust free oscillations at this period produced by such a 
simple mechanism in the slow physics is encouraging, how- 
ever. The work of Ghil and Saltzman referred to above and 

that of Nicolis [1984], although focusing on the fast physics 
components, demonstrates clearly the potential "usefulness" of 
such a free oscillation in the response to the astronomical 
forcing. Such long-period free oscillations have the advantage 
that they are much closer to the dominant period and hence 
favor the eccentricity-forcing possibility. 

An additional intriguing aspect of the eccentricity forcing 
problem has been presented by lmbrie [1985]. In addition to 
the small eccentricity forcing components near 100,000 years, 
there is an even smaller component at 5%000 years; lmbrie 
[1985] reports that there is a similar period in the proxy ice 
volume data and that this signal is statistically coherent with 
the very small eccentricity forcing. His statistical analysis 
shows further that the climate system appears most sensitive 
to the astronomical forcing in this part of the spectrum. If this 
is not a subtle effect of the tuning procedure used in construct- 
ing the stacked record, is it possible that a mechanism of 
resonance, such as the one proposed here, can enhance a 
signal even though it is in the "noise" level of the record ? 

8. CONCLUSIONS 

We are in the process of introducing simple periodic forcing 
into the model as a prelude to the astronomical forcing. From 
the results of the study so far we summarize and conclude as 
follows' 

1. There exists in very simple ice sheet-bedrock models an 
internal oscillation mechanism. This mechansim operates in 
the most rapidly changing section of the ice sheet, here in the 
southern ablation zone and under the firn line. 

2. The internal oscillations are robust to a wide range of 
parameters and for different parameterizations; they are sensi- 
tive to firn line perturbations and in both amplitude and 
period to the spatial gradient in the accumulation rate; the 
elastic lithosphere acts as a low pass filter' The greater the 
depth of the lithosphere, the larger the ice sheet dimensions 
required for the mechanism to be active. 

3. The presence of free oscillations, whether long or short 
period, in the earth's climate may play a dynamic role in the 
response of the system to the astronomical forcing; long 
periods could particularly favor the eccentricity forcing. 

4. A simple analysis strongly suggests that for simplest 
rheological models of the bedrock response to ice sheet load- 
ing on the time scale of the Pleistocene ice sheets, elastic re- 
sponse is confined to a layer considerably less than the ther- 
mal thickness of the lithosphere. 

5. Because viscoelastic rheologies for the earth give large 
bedrock sinking at the leading edge of a growing ice sheet for 
which there is a striking lack of geological evidence, a more 
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sophisticated rheology, perhaps along the lines suggested by 
Hughes [1981], is required. 

APPENDIX A' THE TwO-LAYER EARTH MODEL 

EQUATIONS 

The equations of motion for the perfectly elastic lithosphere 
are the following' 

0z• r3z•: •w= 0 • -- 2# •u 

where %,•, and z= are the normal stresses and %• is the shear 
stress; u and w are the horizontal and vertical displacements, g 
is the rigidity, and PL is the density. The boundary conditions 
at the surface z = 0 are taken to be 

'•:•, = 0 zzz = --p•gH(x, t) 

where Pt is the density of the ice. The equations of motion for 
the asthenosphere are 

2x +•=0 zz•--2r/m z 

o+Tzz 0 
where r/is the viscosity coefficient and the dot denotes differ- 
entiation with respect to time t. At the interface with the 
lithosphere, in addition to having continuous displacements, 
shear stress, and x component of the normal stress across the 
interface for all time, the z-normal stress noundary condition 
must include a buoyancy term: 

Z = --D (Tzz)LIT H = (Tzz)AST H + pAgw 

where pA is the uniform density of the asthenosphere and w 
the vertical displacement of the lithosphere-asthenosphere 
interface. 

instead of taking continuous Fourier transforms as in the 
work by ½athles [1975], we expand the solutions in the two 
layers in Fourier series over the domain 

N 

w(x, z, t) = • wt(z, t)e 
/=0 

where N is the number of grid intervals on the ice sheet grid. 
The expansions are substituted into the equations for the 

two layers and, using the orthogonal properties, reduced to 
equations for the Fourier coefficients of the variables. These 
consist of a system of first-order differential equations in z and 
are reduced to Runge-Kutta form (see Appendix 2 of Cathles 
{-1975]). Solving these and imposing boundary conditions at 
the interface and at the surface, the following equations for the 
surface displacements are found for each wavenumber l, after 
considerable reduction: 

a22 

chv = cosh v shv= sinh v 

v = vt = kid 

--Ax- L_< x_< L 

where L is the length of the ice sheet grid plus Ax, the grid 
finite difference interval. This expansion over the interval is in 
effect an imposition of periodicity boundary conditions over 
this wavelength and an odd extension. The earth then senses 
repeated ice sheets spaced at this interval, instead of a single 
ice sheet. if the region significantly affected by the ice load is 
well inside the interval, this representation should be no worse 
than the flat earth approximation already invoked. 

The expansions in the upper layer are, for example, 
N 

H(x, t)= • Ht(t)e iktv'-a•') 
/=0 

N 

u(x, t) = • ut(z, t)e ikt(x-a•) kt-- 2rd/L 
l=O 

where h•'(t) is the Fourier component of bedrock sinking. 
The elastic contribution to the surface displacement is 

small, and the loading terms involving the time derivative of 
H1 may be neglected in (A1). As in the multilayer models of 
Peltier [1982], there is more than one mode of response to 
surface loading for each spatial wave number; for our two- 
layer model there is an external mode associated with the 
upper surface of the lithosphere and an internal mode arising 
from the presence of the boundary between the lithosphere 
and the asthenosphere. The contribution to the surface re- 
sponse from the internal mode appears to be quite small and 
probably could be safely neglected, which would result in con- 
siderable simplification of (A1). (Peltlet [1982] has neglected 
all internal modes.) Because of the two modes of response 
there are two sets of relaxation times, one for each mode. The 
relaxation times can be easily found by solving for the charac- 
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teristic values of the matrix aot. We have solved (A1) by 
straightforward numerical integration as discussed in Appen- 
dix B. 

APPENDIX B. NUMERICAL INTEGRATION OF THE 

ICE SHEET-BEDROCK MODEL 

An implicit finite difference scheme is used to evaluate the 
mass flux divergence term in (1): 

where n is the time step counter and m, the spatial grid point 
index. The time derivatives are centered on n + 1/2; a finite 
difference form of (1) can then be written: 

1At(C•M•'n+ " 1 /c•M\ 
+ A. •"• At- h'. •"+ • + h'. •"• (B !) 

where At is the time step. The mass flux divergence at a grid 
point is calculated as the difference of mass flux leaving and 
entering a box of width Ax centered at the grid point. The ice 
sheet thickness at the boundaries of the box is taken as the 

mean of the adjacent grid point values. 
To evaluate the nonlinear expression for the h on the left 

side in terms of the known terms on the right side of (B1), an 
iterative scheme based on the Newton-Raphson method is 
employed. This requires boundary conditions at each end of 
the domain of integration. 

The north boundary point is taken as the point on the edge 
of the polar ocean; the south boundary point Xss is taken as 
the first point beyond the ice sheet. The condition for the 
south boundary point is determined by requiring the mass flux 
out of the south side of its box to vanish. Predicted values of 

hss are saved, even when ice sheet thickness is negative, to be 
used in calculating the surface slope at the edge of the ice 
sheet. When the predicted value of ice sheet thickness at Xss 
goes positive, the ice sheet is assumed to have advanced to the 
next grid point. This ad hoc procedure at the south boundary 
grid point was developed by trying many different schemes' it 
gives the most stable response, the smoothest growth and 
decay response, and the most realistic slopes near the leading 
edge. Except at Xss, it is important to assure that spurious 
negative thicknesses do not appear in the extrapolation pro- 
c•ss. 

For mass balance the net change in ice volume is 

dV 
- M a - M s - Mss- MNs 

dt 

where V is the volume of the ice sheet, MA is the mass added 
at the surface of the ice sheet in the accumulation zone, M AS is 
the mass loss due to surface ablation, Mss is the mass flux 
into the polar ocean, and Ms• is the mass flux due to the 
extension or retreat of the leading edge of the ice. Owing to 
the discretization in x, Mss is generally not zero even in the 
steady state case. 

An important criterion for model performance is that the 
grid spacing in x be sufficiently small so that, at least in times 
of slowly changing dimensions of the ablation zone, there will 
be several grid points in the ablation zone to give adequate 
estimates of M as relative to Msa. If Ax is not small enough, it 
is not difficult to achieve a completely spurious steady state 

ice sheet with no ablation grid points, balance being achieved 
by large values of MsB and MNB. 

The scheme for calculating the accumulation rate is modi- 
fied in the region of the firn line, the latter being found by 
interpolation between grid points; the accumulation (positive 
or negative) at the grid point nearest the firn line is corrected 
for the presence of the firn line. 

The most important features of the numerical scheme for its 
improved performance relative to earlier versions, are (1) the 
iteration scheme for handling the divergence of the mass fl.ux, 
(2) sufficiently small finite difference interval to allow several 
grid points to fall in the ablation zone, (3) interpolation calcu- 
lations near the firn line, and (4) the procedure for extrapola- 
tion of the leading edge of the ice sheet. 
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